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SU»MARY 


A  family  of  solutions  to  the  equations  governing  the  one  dimensional  flow 
of  a  gae-partlcle  system  are  presented.  The  basic  assumptions  upon  which  the 
theory  Is  based  are  that  the  particles  do  not  Interact  (distance  between 
particles  large  compared  to  their  size)  and  that  the  particles  are  spheres  and 
are  always  In  Stokes  flow  regime  (small  particle  lags).  It  is  shown  that  this 
feunlly  of  solutions  corresponds  to  flow  In  a  nozzle  In  which  the  axial  velocity 
gradient  Is  a  constant.  As  this  condition  Is  approximately  realized  In  the  throat 
region  of  most  nozzles.  It  Is  believed  that  the  theory  has  general  validity  near 
the  nozzle  throat.  The  theory  shows  that: 

1)  If  the  pairtlcles  do  not  undergo  a  phase  change,  the  solutions  for  the 
one  dimensional  flow  of  a  piire  gas  are  Identical  to  the  above  family  of  solutions 
If  a  suitably  modified  Mach  n^jmber  and  specific  heat  ratio  are  chosen. 

2)  For  a  given  particle  size,  the  particle  velocity  lag  (the  ratio  of  the 
particle  velocity  to  the  gas  velocity)  Is  detemlned  by  the  axial  gas  velocity 
gradient. 

3)  The  particle  thermal  lag  (the  ratio  of  the  change  In  particle  temper- 
ature  to  the  change  In  gas  temperature)  Is  related  to  the  particle  velocity  lag. 

In  systems  of  engineering  Interest,  the  particle  thermal  lag  Is  always  greater 
than  the  particle  velocity  lag. 

4)  If  the  particles  solidify,  the  gas  undergoes  an  Isothermal  expemslon 
only  If  the  particles  are  In  velocity  and  thermal  equilibrium  with  the  gas. 
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The  design  of  a  nozsle  for  use  vlth  a  gas-particle  exhaust  systea  la 
discussed.  It  Is  concluded  that: 

1)  The  proper  design  of  a  nozzle  for  a  gas-particle  systea  should  begin 
at  the  combustion  chamber.  The  convergent  section  has  a  measurable  effect  on 
the  performance  of  the  systea. 

2)  The  throat  region  Is  the  critical  region  In  the  design  of  a  gas-pcurtlcle 
nozzle  as  the  gas  velocity  gradient  Is  highest  In  this  region.  Tlie  throat  ireglon 
essentially  determines  the  particle  lags  for  the  nozzle  cuad  hence  Its  performance. 

3)  In  order  to  obtain  low  particle  lags  and  hence  high  performance,  the 
nozzle  as  a  vhole  must  be  lengthened,  especially  the  throat  region. 

4)  The  vail  radius  of  cxirvatxire  at  the  throat  should  be  continuous.  A 
performance  degradation  results  If  the  vail  radius  of  curvature  Is  smaller  dovn- 
stream  than  upstream  as  Is  common  In  the  present  day  design  of  bell  shaped  gas 
nozzles. 

5)  Tlie  area  ratio  at  vhlch  particle  solidification  occurs  Increases  as 
the  particle  lag  Increases.  This  resxilts  In  a  performance  degradation  through 
inefficient  use  of  the  particles  heat  of  fusion. 

6)  Nozzle  length  Is  an  important  pareuneter  which  must  be  considered  In 
subscale  nozzle  tests.  On  a  one  dimensional  basis,  tvo  nozzles  are  similar  If 
they  are  the  same  length  and  have  the  same  area  ratio  variation  vlth  length. 
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The  use  of  propellants  with  metal  additives  requires  the  design  of  a 
nozzle  which  is  optimized  for  the  gas-particle  exhaust  of  such  fuels.  E3q>er- 
lence  has  shown  that  rather  large  performance  degradations  can  result  through 
the  use  of  an  optimum  gas  nozzle  with  metallized  propellants.  The  design  of 
an  optloruffl  nozzle  for  use  %d.th  a  gas  particle  system  vlU  be  approached  from 
a  general  viewpoint,  without  reference  to  e3q>erlcental  data.  A  family  of  solu¬ 
tions  for  the  one  dimensional  flow  of  a  gas-particle  ^yst^jn  will  be  presented 
which  are  believed  to  have  general  validity  In  the  region  of  the  nozzle  throat. 
The  design  of  an  optimum  nozzle  for  use  with  a  gas-particle  system  will  be 
discussed  as  will  the  differences  between  an  optimum  gas-particle  and  pure  gas 


nozzle. 
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1. 


GENERAL  ONE  DIMENSIONAL  GAS-PARTICLE  FLOWS 


Consider  the  steady  one  dimensional  flow  of  a  gas-particle  system.  The 
foUovlng  assun^tlons  vlU  be  made: 

1)  'Riere  are  no  mass  or  energy  losses  from  the  system. 

2)  The  particles  do  not  Interact  and  nay  be  considered  Identical  spheres 
of  constant  site. 

3)  The  thermal  (Brovnlan)  motion  of  the  particles  does  not  contribute  to 
the  pressure  of  the  system. 

h)  The  particles  have  a  large  thermal  conductivity  so  that  their  Internal 
temperature  Is  uniform. 

Energy  exchange  occurs  between  the  particles  and  the  gas  only  by 
convection. 

6)  The  gas  may  be  considered  a  perfect  gas  of  constant  ccmposltlon. 

7)  The  gas  Is  Invlscld  except  for  the  drag  It  exerts  on  the  particles. 

8)  rhe  physical  properties  of  the  gas  and  particles  eure  constant. 

Within  the  above  assumptions,  the  equations  governing  the  steady  one 

dimensional  flow  of  a  gas-particle  system  are  the  following:* 

Continuity  equations 

^  A  =  (1) 

P  ^  k  ^  (2) 

fr  r  T 

*  See  nomenclature  list  for  definition  of  all  symbols  used  In  the  text. 


V 
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Monentim  equation 


/».  t  o  (3) 

*  *  i-X  'T  » 

Energy  equation 

Equation  of  state  of  the  gas 


Equation  of  particle  motion 

Equation  of  paz^lcle  thermal  energy  loss 

'X,U.  .  (7) 

In  addition  to  the  above  seven  equations,  the  relation  between  the  particle 

heat  content  (h^)  and  the  particle  temperature  (T^)  must  be  specified,  llils 

vlll  be  done  later  as  various  special  cases  are  considered. 

Eliminating  p  ,  p  ,  T  and  P  by  means  of  equations  (l),  (2),  {k)  and 
S  P  S 

(5),  we  obtain  the  following  set  of  first  order,  non-Unear  ordinary  differen¬ 
tial  equations  for  U  ,  U  and  h  : 

^  g  p  p 
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where 


1  U^.-^..\vLu; 


(n) 


llie  above  equations  are  valid  for  all  one  dimensional  gas-particle  flows 
within  the  limitations  of  the  above  assumptions. 

It  is  noted  that  the  second  term  of  equation  (8)  Is  always  positive  for 
accelerating  flows.  Thus  at  the  nozzle  throat  the  gas  Mach  number  must  always 
be  less  than  one  (M»<  l)  for  all  gaa-partlcle  flows.  It  Is  seen  that  the 
throat  conditions  will  depend  on  the  particle  lags  at  the  throat  and  hence  on 
the  nozzle  Inlet  geometry.  The  nozzle  Inlet  geometry  will  be  of  much  greater 
Importance  In  the  design  of  a  nozzle  for  use  with  a  gas-particle  system  than 
with  a  pure  gas  system.  It  Is  possible  that  one  may  be  able  to  alter  the 
performance  of  a  gas-particle  nozzle  by  changing  only  the  inlet  geometry. 

Equations  (9)  and  (ro)  govern  the  rate  of  change  of  particle  velocity 
and  thermal  energy.  Because  of  this,  the  general  solution  of  the  above  equa¬ 
tions  will  Involve  a  characteristic  distance.  Thus  not  only  the  area  ratio, 
but  the  rate  of  change  of  the  area  ratio  will  determine  the  flow  of  a  gas 
particle  system.  On  a  one  dimensional  basis,  two  gas-particle  nozzles  will  be 
similar  only  If  they  have  the  seme  area  ratio  variation  with  length  €ind  hence 
the  same  length  for  a  given  expansion  ratio. 
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CONSTANT  FRACTIONAL  lAG  NOZZLES 


Let  UB  nov  limit  oureelves  to  flovB  In  which  the  particles  are  always 
In  Stokes  flow  regime  and  do  not  undergo  a  phase  chaxige.  For  this  case^ 


c 


Re 


Ho.  -  Z 


(12) 


(13) 


(lit) 


where  It  has  been  assumed  that  the  gas  and  particles  have  the  same  temperature 

♦ 

when  the  system  Is  at  rest. 

It  has  been  found  that  there  exists  a  family  of  exact  solutions  to  the 
above  equations  for  gas-particle  flows  In  which 


^  _  O  4  K.  4  \  ^  (15) 

lull'’  -  V.  _  o  4  (.  t  \  ^  (16) 

where  K  and  L  are  constants.  It  will  be  shown  later  that  these  constants  are 
determined  by  the  axial  gas  velocity  gradient. 

Substituting  the  above  equations  Into  equations  (8),  (9)/(10)  and  (ll), 
we  find  that  the  equations  governing  the  flow  of  a  gas-particle  system  through 
a  constant  fractional  lag  nozzle  are: 
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(18) 

X 

(kvx^  - 

(19) 

where 

T  ,  T  -  '  I  \  0 

As  equations  (l8)  and  (l^  must  be  Identical,  ve  note  that  the  relationship 
between  the  particle  thermal  lag  (L)  and  the  particle  velocity  lag  (K)  Is 
given  by 


\  -  \- 

\. 


JL.  K 


(21) 


where  Pr  is  the  gas  Prandtl  number.  In  most  cases  of  engineering  interest 
C 

Pi 

Pr  - ^1  so  that  L  K  and  the  particle  thermal  lag  is  greater  than  the 

%  ^ 

velocity  lag.  Tlirough  use  of  the  following  substitutions. 


^  -- 


c 


_ 


V_ 

1  K 
1 

X  RT 


A  1 

■L 


\S 


c''' 


(22) 


(23) 


(24) 


\  ^  [X-\^  Z 

C. 


(25) 
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the  equations  governing  the  flow  of  a  gas-partlcle  system  through  a  cosstant 
fractional  lag  nozzle  become 


(26) 

K  VX^ 


<)s.%  I 

Solving  these  eqxiatlons,  we  find  that 


!!• 


I  •>  1l' m’’ 

I 


1  M 


’fjl' 

I 


mm 

X 

V\ 


Alill 

1.  \ 


VX, 


where 


?C  T  \  ^ 


\  ^ 


K' 


(18) 

(S7) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 


The  particle  velocity  and  temperature  are  given  by  equations  (15)  and  (l6). 
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It  is  noted  that  equations  (2?)  through  (31)  are  the  one  dlaenslonal 
gas  flow  equations  (1)  except  that  7  and  M  replace  7  and  M.  With  these 
modifications,  one  can  use  gas  tables  to  predict  the  flow  of  a  gas  particle 
system  through  a  constant  fractional  lag  nozzle  If  the  particles  do  not  undergo 
a  phase  change. 

Equation  (26)  shows  that  M  ■  1  at  the  throat  of  a  constant  fractional 
lag  nozzle.  From  equation  (2^*)  ve  find  that  at  the  throat, 


We  see  that  M<1  unless  there  Is  no  particle  flow  (K  »  L  =  0  or  -r^  *  O). 

We  note  that  the  throat  conditions  depend  on  the  particle  lags  and  hence  on 
the  nozzle  inlet  geometry  as  was  shown  earlier. 

Through  use  of  equations  (27),  (3l)  and  (32),  one  can  show  that  the 
area  variation  in  a  constant  fractional  lag  nozzle  Is  given  by 


where 


L:' 

^  1 

i- 1 

1 

\ 

1 

(35) 


*  Barred  numbers  in  parenthesis  refer  to  the  references  at  the  end  of  thli 
report. 


(36) 
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Figure  I  It  a  plot  of 


£ 


V8  Z 


for  a  two  dimensional  constant  fractional 


lag  nozzle  and  Figure  II  Is  a  plot  of  r  vs  z  for  an  axially  symmetrical  constant 

fractional  lag  nozzle.  Both  of  the  above  figures  represent  nozzles  for  flovt  In 
which  7  ■  1.20. 

In  a  two  dimensional  nozzle, 


A  •  1 

a:  ir 

and  the  radius  of  cxirvature  of  the  nozzle  vail  at  the  throat  Is  given  by 


(37) 


R,  . 


i 


( 


(38) 


One  can  show  from  equations  (35);  (38),  (37)  and  (38)  that  in  a  two  dimensional 
constant  fractional  lag  nozzle, 

,1 


R. 


\ 


Similarly,  one  can  show  that  In  an  axially  symmetrical  constant  fractional  lag 


(39) 


nozzle. 


^  -s.  1  ^  %  -  —  [  -  — >  1 

It  has  been  shown  (2)  that  Sauer's  (3)  relationship  between  nozzle 
geometry  and  the  axial  velocity  gradient  (for  a  pure  gas  flow)  can  be  derived 


In  a  similar  way  from  one  dimensional  flow  consideration.  In  partlctilar,  the 
middle  terms  In  equations  (39)  and  (Uo)  are  the  came  as  those  c'otained  by  Sauer 
(with  7  replacing  7).  Equations  (39)  and  (Uo)  are  thus  an  extension  of  Sauer's 
results  to  the  case  of  gas-particle  flows  In  constant  fractional  lag  nozzles. 
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7  -  1.20 


.2  .4  .6  .8  1.0 

z 

figure  I  -  Two  Dimensional  Constant  Fractional  lag  Notile 


7  1.20 


Throat 


Figure  II  -  Axially  Symmetric  Constant  Fractional  Lag  Nozzle 
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Eqviatlon  (I8)  ehovt  that 


constant 


-k»>  ^ 

In  a  constant  fractional  lag  nozzle.  As  this  condition  la  approximately  true 


(18) 


for  a  distance  through  the  throat  of  most  nozzles  of  engineering  Interest,  It 
vould  appear  that  the  above  results  have  general  applicability  In  the  throat 
region  of  most  nozzles. 

Equations  (16)  and  (19)  shov  that  the  particle  lags  are  determined  by  the 
axial  gas  velocity  gradient  In  a  constant  fractional  lag  nozzle.  One  sees  that 
to  decrease  the  particle  lags  one  must  decrease  the  axial  gas  velocity  gradient. 
As  the  axial  gas  velocity  gradient  la  greatest  near  the  throat  of  a  nozzle,  it 
would  appear  that  the  throat  region  Is  the  critical  region  In  the  design  of  a 
nozzle  for  a  gas  particle  system. 

Equations  (39)  and  (Uo)  give  the  radius  of  curvature  of  the  nozzle  vail 
at  the  throat  In  terms  of  the  throat  conditions,  particle  sizes  and  particle 
velocity  lag  for  two  dimensional  and  axially  symmetrical  constant  fractional  lag 
nozzles.  It  Is  seen  th  t  for  fixed  particle  lags,  the  radius  of  curvature  of  the 
nozzle  vail  at  the  throat  is  proportional  to  the  fourth  power  of  the  particle 
size. 


Figures  I  and  II  show  that  constant  fractional  lag  nozzles  are  approxi¬ 
mately  symmetrical  through  the  throat.  Most  conventional  gas  nozzles  are 
asymmetrical  through  the  throat,  having  a  smaller  wall  radius  of  curvature  down¬ 
stream  of  the  thJToat,  than  upstream.  The  axial  gas  velocity  gradient  In  these 
nozzles  is  higher  downstream  of  the  throat  than  upstream.  It  would  appear  from 
the  above  analysis  that  this  type  nozzle  woxild  cause  a  performance  loss  when 
used  vi.th  a  gas  particle  system.  The  smaller  downstream  radius  of  curvature 
would  partially  nullify  the  benefits  gained  by  having  the  larger  upstream  radius 

of  curvature.  Because  of  this  It  is  felt  that  nozzles  designed  for  a  gas-particle 
system  should  have  a  constant  radius  of  curvature  through  the  throat. 
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Equation  (32)  shows  that  there  Is  a  characteristic  distance  associated 
with  the  one  dimensional  flow  of  a  gas-particle  system  throu^  a  constant 
fractional  lag  nozzle.  One  sees  from  this  eqviatlon  that  the  nozzle  lengths 
required  from  chamber  to  throat  and  from  throat  to  exit  are 

L.  1 

(**1) 

and 

In  a  constant  fractional  lag  nozzle.  These  lengths  are  probably  the  minimum 
lengths  one  should  consider  in  designing  a  nozzle  for  a  gas-particle  system. 

Both  the  lengths  available  from  chamber  to  throat  and  throat  to  exit  must  be 
considered  when  designing  a  nozzle  for  a  gac-partlcle  exhaust  system.  This  Is 
a  consequence  of  the  fact  that  the  particle  velocity  at  any  point  depends  on  the 
particle's  acceleration  history  from  the  chamber.  It  is  seen  that  for  fixed 
particle  lags,  the  nozzle  length  is  proportional  to  the  particle  size  squared. 

One  Is  generally  Interested  In  the  most  compact  nozzle  (short  and  light 
weight)  which  will  give  the  desired  performance.  Because  of  the  strong  depend¬ 
ence  of  the  nozzle  length  (and  hence  weight)  on  the  particle  size,  there  Is  great 
incentive  to  insure  that  the  particle  size  is  small.  As  the  combustion  chamber 
geometry  will  determine  the  particle  size  entering  the  nozzle,  the  design  of  an 
optimum  nozzle  for  use  with  a  gas-particle  exhaust  system  must  begin  In  the 
combustion  chamber.  One  cannot  assume  that  the  effect  of  the  combustion 
chamber  and  nozzle  inlet  geometry  will  have  little  effect  on  the  performance  of 
a  rocket  in  which  the  exhaust  is  a  gas-particle  system. 


/ 
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PARTICLE  SOUDIFICATIOH 


If  the  peirtlcle  system  undergoes  a  phase  change  during  expansion  through 
the  nozzle  ( solidification)  >  one  can  extend  the  above  analysis  (for  a  constant 
fractional  lag  nozzle)  to  Include  this  case.  Let  us  assume  that  the  particle 
temperature  remains  constant  dux*lng  solidification.  From  e<]uations  (4),  (7) 
and  (32)#  ve  find  that  the  equation  governing  the  gas  temperature  during  pairtlcle 
solidification  Is 


(>>3) 


Solving  this  equation  with  the  boundary  conditions  that  the  gas  temperature  at 
the  beginning  of  particle  solidification  (T  “T  ,U  “U  ,T  »T  )1s  that 

p  PB  g  gB  g  gB 

given  by  equation  (U),  ve  find  that  during  particle  solldlflcatloni 


T.  • 


T 


where 


'Kif  •A 

I 
1 


3 


(W) 


L 


(45) 


VX 


W  f  ^  •  J 


L 


(*^) 


We  note  that  the  gas  undergoes  an  Isothermal  expansion  (T  ■  T  )  only  If  there 

8  Pn 

Is  no  particle  lag  (K  =  l).  From  equations  (16),  (27)>  (28)  and  (29)#  we  find 
that  the  area  ratio  at  which  parti'le  solidification  first  occurs  Is  given  by 
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^ V' 

(k‘  'S~  1 

« 

In  most  cases  of  engineering  Interest,  T  4  T 

Rtt  g 


(47) 


so  that  particle  solidification 


can  occxxr  only  In  the  divergent  section  of  the  nozzle.  In  this  case,  one  can 


show  that  the  area  ratio  at  which  particle  solidification  begins  Is  a  mlnloum 
for  no  particle  lag  (L  =  l).  Increases  as  the  particle  lag  increases  {  L->0) 


and  becomes  infinite  when 


L  ■5  \ 

T,.  C^) 

This  Is  the  minimum  value  of  L  for  which  solidification  will  occur  in  any 
nozzle.  As  the  addition  of  energy  In  the  divergent  section  of  a  nozzle  is  more 
effective  in  Increasing  performance  the  lower  the  expansion  ratio  at  which  the 
energy  is  added.  It  is  clear  that  one  must  have  a  low  lag  nozzle  If  one  Is  to 
make  most  efficient  use  of  the  particle  solidification  energy.  It  is  also  clear 
that  if  the  particle  lag  Is  large  enough,  one  will  be  unable  to  utilize  the 
particles  heat  of  fusion  as  the  particles  will  solidify  outside  the  nozzle. 

It  Is  noted  that  In  principle  one  can  use  equation  (4U)  for  the  gas 
temperature  and  obtain  expressions  for  the  other  quantities  of  Interest  during 
particle  solidification.  It  appears  however  that  the  required  Integrals  cazinot 
be  exprersed  In  closed  form  for  the  general  case  of  arbitrary  particle  lag  due 
to  the  last  term  on  the  right  hand  side  of  equation  (44).  Because  of  this,  it 
Is  felt  that  any  further  Investigation  of  this  case  must  be  done  numerically. 

It  Is  found  however  that  for  the  case  of  no  particle  lag,  one  can  extend 

the  above  Investigation.  In  the  interest  of  completeness,  this  has  been  done 

although  In  principle  this  case  can  only  be  obtained  in  an  Infinitely  long 

nozzle.  During  particle  solidification  (T»T=T  ,h  <h  <h,), 

'gppm^ps-p  -  pi'' 


equation  (8)  becomes 
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[  \  ,  A.  ^  ^ 

RT^l  1  K 

Solving  this  equation  ve  find  that  during  particle  solidification^ 


(49) 


\  ' 


V 


«  'cif  (^».*  \ 


'^r 


.  f  •*  ^^»«--f>j'\ 

'  L  \  J 


'fhe  conditions  at  the  beginning  of  particle  solidification  ,\re  obtained  by 
substituting 


(50) 


(51) 

(5e) 


(53) 

(54) 


(55) 


into  equations  (22)  through  (2^  and  (2?)  through  (31)*  At  the  end  of  particle 
solidification, 


Ji 


(56) 


The  conditions  existent  at  the  end  of  particle  solidification  can  be  found  by 
substituting  this  relationship  Into  the  above  equations* 
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I 


K. 


After  particle  solidification  ^  equation  governing  the  flow 

In  the  no  lag  case  is 


A. 

where  ' 


1 

K 


Through  use  of  the  following  substitutions^ 


(57) 


(58) 


- 


\  4  '^r 


C.  1  \  -y  'iir  1  \  -^ 


\A 


r\ 


\_  \  y  'i±» 

C.f  ^ 

\ '  0-0  1- 

c. 

ve  find  that  after  particle  solidification, 


\ 


(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 
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It  should  be  remembered  that  the  above  relationships  (equations  (^)  through 
(65)  )  hold  only  for  the  case  of  no  particle  lag  (K  -  L  ■  l). 


NOZZLE  PERFORMANCE 


One  measure  of  notile  performance  Is  the  specific  lmp\ilee  which  for  a 
fully  expanded  nozzle  Is  defined  as 


I 


wr 


\ 

«  — 


(66) 


for  a  gas-pax*tlcle  system  expanding  through  a  nozzle.  From  the  above  -alysis 
we  find  that  for  a  constant  fractional  lag  nozzle  In  which  the  particles  do  not 
undergo  a  phase  change, 


I 


Altman  and  Carter  (4)  give  expressions  for  the  specific  Impulse  of  a  gas 
particle  system  for  the  following  special  cases: 

1)  Complete  kinetic  and  thermal  equilibrium  (K  ■  L  l) 

2)  Kinetic  equilibrium,  thermal  Insulation  (K  ■  1,  L  ■  O) 

3)  'Ihemal  equilibrium,  kinetic  non-equlllbrium  (K  *  0,  L  ■  l) 

U)  Complete  Insulation  (K  ■  L  •  O) 


(67) 


The  atove  expression  for  the  specific  Impulse  reduces  to  Altman  and  Carter* 
expressions  for  these  cases*  It  should  perhaps  be  pointed  out  that  these  limiting 
rases  correspond  to  the  following  physical  conditions: 
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1)  Ttie  complete  kinetic  and  thermal  equilibrium  case  can  occur  only  In 
an  Infinitely  long  noztle. 

2)  Tlie  kinetic  equilibrium,  thermal  Insulation  case  can  occur  only  In  cm 
infinitely  long  nozzle  and  only  If  the  thermal  conductivity  of  the  paz*tlclet  la 
zero. 

3)  The  thermal  equilibrium,  kinetic  non- equilibrium  case  occurs  only  in 
an  infinitely  long  nozzle  and  only  If  the  particles  are  Infinitely  large. 

4)  The  kinetic  and  thermal  Insulation  case  can  occur  only  In  on  infinitesi¬ 
mally  short  nozzle. 

Similar  expressions  can  be  given  for  the  specific  impulse  for  the  case  of 
no  particle  lag  (an  Infinitely  long  nozzle)  during  and  after  particle  solidifi¬ 
cation.  During  particle  solidification  (T  =  T  «T  ,h  <h<h,), 

6  '  g  p  pm'  ps^  p  ^  pi  ' 


and  after  particle  solidification  (h  <  h  ), 

p  'V  pa 


It  Is  noted  that  through  use  of  equations  (2?)#  (28)and  (67)  one  can 


obtain  the  specific  Impulse  as  a  function  of  expansion  ratio  for  any  particle 
lag  in  a  constant  fraction  lag  nozzle  In  which  the  particles  do  not  undergo  a 
phase  change.  By  use  of  equations  (90)»  (57)  and  (68)  and  equation  (62),  (65) 
and  (69)  one  can  obtain  the  specific  Impulse  as  a  function  of  expansion  ratio 
during  and  after  j)artlcle  solidification  for  the  case  of  no  particle  lag. 
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One  can  shov  froa  the  above  expreselons  that  for  a  fixed  nozzle  expansion 
ratio,  the  nozzle  efficiency  decreases  as  the  particle  lags  Increase 
as  K  —>0  and  L  — >0).  Nuaerlcal  results  for  typical  metallized  propellants 
shov  that  the  nozzle  loss  In  Is  approximately  given  by 


for  nozzles  with  large  expansion  ratios. 


(70) 
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NOMENCLATVRE 

A 

Plow  area 

s 

- 

Particle  drag  coefficient 

- 

Gas  heat  capacity 

V 

- 

Particle  heat  capacity  (T  >  T  ) 

P  P* 

C 

P» 

- 

Particle  heat  capacity  (T  ^  T  ) 

P  P® 

g 

- 

Gravitational  constant 

h 

- 

Film  heat  transfer  coefficient 

h 

P 

- 

Particle  heat  content 

^  1 
pi 

- 

Particle  heat  content  after  melting  (T  ■  T  ) 

P  P» 

h 

P» 

- 

Particle  heat  content  before  melting  (T  -  T  ) 

P  P" 

I 

sp 

Specific  tmpulfle 

K 

Constant  defining  particle  kinetic  lag 

k 

g 

- 

Gas  thermal  conductivity 

L 

- 

Constant  defining  particle  thermal  lag 

- 

Nozzle  length,  chamber  to  throat 

He 

- 

Nozzle  length,  throat  to  exit 

§ 

M 

- 

Modified  Mach  number  for  a  gas-particle  system 

M 

- 

Gas  Mach  number 

m 

P 

- 

Particle  density 

Nu 

- 

IMsselt  number,  2hr  /k 

F  g 

P 

g 

mm 

Gas  pressxire 

Pr 

- 

Gas  Prandtl  number  u  C  /k 

g  Pa  g 

R 

Gas  constant 
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Particle  Reynold's  number,  2  p  r  1  U  •  U  I  /u 

S  P  I  S  PI  s 

nozzle  wall  radius  of  curvature  at  nozzle  throat 
nozzle  wall  coordinate,  (axially  symmetrical  nozzle) 

Particle  radius 

Nozzle  throat  radius,  (axially  symmetrical  nozzls) 

Gas  temperature 

ftirtlcle  temperature 

Particle  solidification  temperature 

Gas  velocity 

Particle  velocity 

Gas  weight  flow 

Particle  weight  flow 

Coordinate  In  flow  direction 

Nozzle  wall  coordinate  (two  dimensional  nozzle) 

Nozzle  throat  radius  (two  dimensional  nozzle) 

Normalized  coordinate  In  flow  direction 
Gas  adiabatic  expansion  coefficient 

Expansion  coefficient  for  gas-particle  system  before  particle 
solidification 

Expansion  coefficient  for  gas-particle  system  after  particle 

solidification 

Particle  heat  of  fusion 

Gas  viscosity  coefficient 

Gas  density 

Particle  density  In  the  gas  (based  on  gas  volume) 
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Subscripts 

e  -  refers  to 
a  -  refers  to 
0  -  refers  to 
s  -  refers  to 


exit  conditions 

conditions  when  peurtlcles  begin  to  solidify 
chamber  reference  conditions 

conditions  when  particles  hare  finished  solidifying 


Superscripts 

*  -  refers  to  throat  conditions 
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